Using the method of asymptotic homogenization in the low frequency wave propagation regime we derive the effective antiplane elastic properties of a cracked solid which in the absence of cracks would be orthotropic. The solid is a periodic medium defined by a periodic cell containing N cracks of infinite extent in the z direction but with arbitrary shape and orientation in the xy plane. Effective properties are defined in terms of the solution to a so-called cell problem. We propose two convenient schemes by which the cell problem can be solved, one based on a nearlyperiodic Green's function, the other based on doubly periodic multipole expansions. Using these methods we compare results with existing approximate expressions for periodic arrays of straight cracks and discuss their regimes of validity by assessing their departure from the exact results obtained by the present method. We go on to consider more complex distributions such as elliptical cavities, non-straight cracks and effects of an orthotropic host phase. In particular we show that specific types of regular arrays of cracks in an orthotropic host medium can induce a macroscopically isotropic response to antiplane shear waves propagating in the xy plane.
Introduction
The material response of cracked solids is of great interest in a plethora of application areas and in particular it is of interest as to how the cracks reduce the elastic moduli of the host medium in which they reside, i.e. how they weaken the otherwise uniform material. Wave propagation is often used as a non-destructive diagnostic tool in order to detect the presence of a distribution of microcracks or a single, larger sized crack (1) . In this article we shall consider the former case, where many small-scale cracks reside inside an otherwise homogeneous material. We consider the case where the size of such cracks is much smaller than any other length scale in the problem (e.g. size of the cracked body, or wavelength of a probing wave). Non-destructive testing of this type is used in a variety of industrial sectors: the assessment of components used in the automotive, aerospace and nuclear industries, for example. Wave propagation through cracked media is also of obvious direct interest in the geophysical community, see e.g. (2) where the interest is often in studying the induced anisotropy. It is of interest to understand how a distribution of microcracks modifies the resulting material properties of biological structures, and in particular mineralized tissues. Specific examples include the investigation of anisotropic fracture mechanisms in bone and dentin (3) and the study of the accumulation of microcracks in order to understand resistance to cracks in bone (4) .
Often of particular interest is the alignment of microcracks which can induce strong anisotropy in the material and gives rise to subsequent reduction in elastic moduli associated with specific directions. Since the presence of cracks will not modify the effective mass density of the material significantly (because the cracks have in essence zero volume fraction), this induced anisotropy can be predicted by wavespeed measurements in the material.
The full multiple scattering problem associated with wave propagation inside a microcracked medium is beyond the scope of even the best numerical simulations due to the complexity of the distribution of cracks and the often detailed geometry of the single cracks involved. Furthermore even if this problem could be solved, one could question the usefulness of such a simulation. Typically, Monte-Carlo averages would have to be taken over many such configurations in order to provide a measure of the average response of such a material. As a result, many researchers have devised ingenious micromechanical approximations in order to derive effective, or homogenized material properties. In the case of random distributions of cracks (either aligned or non-aligned) we refer the reader to e.g. (5) , (6) , (7), (8) and references therein, all employing various micromechanical methods in order to estimate the effective properties. Kachanov (5) makes the point that random and periodic distributions of cracks can be significantly different due to stress shielding effects in the former case.
In this article we consider a cracked medium with a complex geometry of periodically distributed cracks. We consider a periodic array of cracks where the material is defined by a periodic cell inside which reside N cracks of arbitrary shape and orientation and they are distributed arbitrarily inside the periodic cell. We assume that the problem is strictly two-dimensional with the cracks being of infinite extent in the z direction. In reality this corresponds to this out-of-plane length scale being much longer than the in-plane length scale of the crack. We also consider a rather general case in that the host medium in which the cracks reside is taken to be orthotropic.
We will apply the method of asymptotic homogenization, considering the antiplane problem (horizontal shear (SH) wave propagation) and therefore we shall derive the effective properties often denoted as c derived as a limit of a more complicated problem such as approximate full wave scattering simulations in periodically cracked media. This was the case in the paper by Achenbach and Li (15) who considered the case of SH wave propagation in a material with a regular array of aligned straight cracks, i.e. a single crack inside the periodic cell. By using Bloch-Floquet theory and an equivalent spring model, they derived the following dispersion relation for waves of low frequency traveling in a direction perpendicular to the crack faces cos(2k * yB ) = cos(2kB) + kβB sin(2kB), β = 2Â πB log cos πâ 1) where the periodic cell is a rectangle of dimensions 2Â × 2B and the crack is of length 2â. We have defined k * y as the effective wavenumber in the y direction, and k = ρω 2 /µ, where ρ and µ are the density and shear modulus of the host material, whilst ω is the angular frequency. By neglecting terms in (1.1) higher than k 2 and (k * y ) 2 , we can deduce the effective antiplane shear modulus for shearing on planes parallel to the crack surface:
Since the cracks are straight in this case we have c * 55 = µ and c * 45 = 0. In deriving (1.2) Achenbach and Li invoked a wide-spacing approximation so that crack interaction is neglected. Angel and Achenbach (16) considered the associated in-plane problem.
Deng and Nemat-Nasser (17) derived the effective properties of materials with arrays of straight cracks via three well-known micromechanical schemes: (i) the dilute distribution method, (ii) the differential method and (iii) the self-consistent method. In the case of (i) they obtain the result (1.2) which therefore confirms the wide-spacing approximation since it is derived under the assumption of non-interacting cracks. For (ii) and (iii) they obtain the results
where φ =â 2 /(4ÂB) is a crack density parameter. We note that (1.3b) effectively approximates (1.2) to first order in β, and (1.3a) to first order in φ and β, and so anticipate that it will not perform as well as these other approximations (i.e. 1.2, 1.3a) for small values ofB/Â (when the cracks are close together) or large values ofâ/Â (when the cracks become comparable to the size of the unit cell). Finally in this context, the approximate method of equivalent eigenstrain was used by Nemat-Nasser and Hori in (18) in order to derive the general expression
respectively, where 5) and J 1 is the Bessel function of order 1 (24). Scarpetta and colleagues (19) , (20) studied regular arrays of cracks and the full wave propagation problem but without recourse to Bloch-Floquet theory. It does not appear that they make a link with effective properties but one could, if one wished, derive effective properties from the low frequency limit of their dispersion equations. However again we stress that this is additional effort if one merely wishes to derive the effective, homogenized behaviour. Recently, Xiao and Jiang (21) considered a more complex (but specific) geometry by taking a periodic cell with four straight aligned cracks and solved the associated antiplane statics problem for an orthotropic host medium using elliptic functions. They derived the associated effective antiplane moduli c * 44 and c * 55 . The motivation of the present work is then to provide a theoretical basis for the study of the effective properties of cracked media where cracks are distributed periodically but where the medium is permitted to take on a more complex nature. We allow for complex microstructure by constructing the material from a periodic cell, in which we distribute N cracks of arbitrary shape and orientation. This permits us in the first instance to study simple geometries (e.g. an array of identical straight cracks) and therefore test the predictions made by the simple micromechanical scheme results stated in (1.2)-(1.4) above. Secondly, we go on to give results for the effective properties in cases where the cracks are non-straight and where there are multiple cracks in the periodic cell. Additionally we incorporate orthotropy of the host medium in a straightforward manner by a simple re-scaling of spatial variables.
In section A we discuss general issues associated with SH wave propagation in monoclinic elastic media; this symmetry is studied since in general an arbitrary crack shape induces a macroscopically monoclinic material. The main theoretical basis for the modelling is discussed in section 2 where we describe the geometry of the problem and the asymptotic homogenization approach. The solution of the first-order cell problem is then discussed in section 3. This involves solving Laplace's equation in a doubly periodic geometry, while taking account of the singularity in the stress at the ends of all cracks in the unit cell. To deal with these singularities we use a Galerkin scheme that is commonly used in water wave problems involving submerged thin barriers (23, e.g.), whilst periodicity is incorporated using two alternative methods (see section 3).
In section 4 we provide results for a variety of effective properties including comparisons with the results above for simple geometries. Additionally we go on to consider results for various other complex crack shapes, several cracks in the cell and the influence of orthotropy. We conclude in section 5.
Asymptotic homogenization for cracked media

Notation, geometry and cracks
We shall work in a Cartesian coordinate system (x,ŷ,ẑ) and consider a cracked elastic solid where cracks are of infinite extent in theẑ direction; the problem is thus purely two dimensional. Furthermore, the infinite medium under consideration is defined by a periodic cellD, with outer boundary ∂D and area |D |. N cracks reside inside the periodic cell (see Figure 1) . Fig. 1 The cracked structure is envisaged as a material constructed from periodic cells. In each cell reside N cracks of arbitrary shape. The simplest case of one crack thus constitutes a planar array of cracks.
Since the medium is periodic we can define the lattice vector
which defines the location of the centre of the p th periodic cell. Here p = (p 1 p 2 . . . p Q ) ∈ Z Q , q is the characteristic length scale of the periodic cell andl r ∈ R 2 (r = 1, 2, . . . Q) are vectors whose components are O(1). We will deal with rectangular lattices where Q = 2, and hexagonal ones where Q = 3.
We treat a crack as the limit of a cavity of vanishing thickness as depicted in the case of a straight crack in figure 2. As such, the traction on the surfaceĈ j , j = 1, 2, ..., N of such a crack is zero. The surface is decomposed asĈ j =Ĉ + j ∪Ĉ − j , indicating the "positive" and "negative" sides of the crack face. The surface is parameterized by s j which increases as we traverse the crack surface clockwise. Hence the tangent vector to the jth crack is given byt j (s j ) = (cosθ j sinθ j )
T so thatθ j is the angle that the tangent vector makes with the positivex axis (figure 2). The normal (facing into the cavity) is thus defined aŝ n j (ŝ j ) = (sinθ j − cosθ j )
T . We note that this is the opposite definition to that used in (9) but is more appropriate for the current problem.
Note that given functions ofx = (xŷ) T , F (x) and G(x) (that are respectively discontinuous and continuous across the crack), and writing ∂n j = n T j ∇x, the surface Fig. 2 The limit of zero thickness for a straight crack. In reality the elliptical crack possesses some non-zero width, being 2δ here, but we idealize a crack as the limit of such an ellipse as 2δ → 0. A similar idealization is performed for a crack of arbitrary shape.
integral can be decomposed as
Hence we can write the integral as one purely over the upper surface, with the square brackets denoting the jump of the quantity inside the brackets across the crack. We choose to parameterize this upper surfaceĈ
so that the crack is of length 2L j , and we note that all of the above applies to cracks of arbitrary shape.
Governing equations
Referring to Appendix A for notation, we consider SH waves polarized in theẑ direction, so that the elastic displacementû = (0 0û 3 )
T , whereû 3 =û 3 (x, t) andx = (xŷ) T . We also takeû to be time-harmonic with radial frequency ω i.e.û 3 (x, t) = Re ŵ(x) e −iωt . We now consider a cracked elastic medium which in the absence of cracks would be orthotropic, so that its antiplane elastic properties (A.5) are given byĈ S = (µ x µ y )I where I is the 2 × 2 identity matrix. The periodic cell isD with outer boundary ∂D. Inside this cell reside N cracks denoted by the curvesĈ j (j = 1, 2, .., N ) with associated normal vectorsn j (j = 1, 2, .., N ). From (A.6),ŵ should satisfy
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which corresponds to traction-free cracks. If we wished to find the effective wavenumber
T for this situation we would also requireŵ to satisfy the quasi-periodicity conditionŵ
Let us now divide (2.3) by µ x , let α 2 = µ x /µ y and nondimensionalize via 6) so that (2.3) becomes simply
where ε = k x q, k 2 x = ρω 2 /µ x and w is the displacement in the transformed coordinates. The transformation also alters the shape of the periodic cell and cracks of course -we denote the transformed cell as D (with outer boundary ∂D) and cracks are now defined by the curves C j (j = 1, 2, .., N ) with associated normal vectors n j = D αnj (j = 1, 2, .., N ). The material remains periodic but with the centre of the p th cell now given by
i.e. with modified vectors ℓ r = D αlr (r = 1, . . . , Q) which take into account the transformation (2.6) and we note that the unit cell length scale is now 1. This may not be the case if there was very strong anisotropy in the host material but we exclude this case from our analysis. Under (2.6), the boundary condition (2.4) becomes 9) and (2.5) becomes
where
is the nondimensionalized effective wavenumber. If we wished to find ε * , we would need to find eigenvalues ε * that permit non-trivial solutions to the homogeneous problem (2.7), (2.9) and (2.10). However, we are only interested in the effective properties in the quasi-static case (i.e. in the limit as ε → 0), so we now carry out the homogenization procedure on this transformed problem. This will give us a straightforward (inhomogeneous) linear problem to solve.
The procedure is therefore the following: the true geometry is specified with respect to the real material geometry (shape and location of cracks, periodicity, etc.); transform according to (2.6) and homogenize in the transformed domain providing the effective elastic moduli and associated effective wave equations (procedure to be described shortly); transform back to our physical coordinate system in order to obtain the physical effective moduli and wave equation.
2.3
The method of asymptotic homogenization Work in the transformed domain and assume that in (2.7) ε = k x q ≪ 1. We use the asymptotic homogenization (AH) procedure as per e.g. Parnell and Abrahams (9) , referring the reader to this reference for full details. Define the two (independent) long and short length scales, z and ξ via
where L(ε) = O(ε) and expand w = w(ξ, z) and L in terms of powers of ε:
By substituting these into the governing equation and boundary condition we obtain a hierarchy of equations. Parnell (27) showed that a non-zero value of L 2 can be required to provide consistency in the O(ε 3 ) equations. At O(ε 0 ) the equations reduce to determining w (0) which is doubly periodic and satisfies
Therefore w (0) depends only on z and can be written as
T , it is convenient to write the solution in the form (9) 14) where it then follows that W satisfies
for j = 1, . . . , N . This O(ε) problem is known as the cell problem for W. Effective moduli are determined in terms of integrals of components of W along the crack surfaces. We discuss how we solve the cell problem in section 3.
At O(ε 2 ) we obtain an equation which we integrate over the periodic cell, and exploiting periodicity we obtain the following effective wave equation for A(z):
effective antiplane elastic properties of a periodically cracked solid 9
where we remind the reader that the normal here is defined in the opposite sense to that in (9). We also note that H can be written in component form as
for k, l = 1, 2, and n j = (n j,1 n j,2 ) T . Since cracks have no intrinsic volume their presence does not affect the effective mass density, so it remains as ρ * = 1 (since it is scaled on ρ 0 ). The effective (non-dimensional, scaled on µ x ) shear modulus matrix (in the transformed domain) M * as defined in (2.17a) has components
Effective moduli in the physical domain
The moduli and effective wave equation derived above were defined in the transformed domain. In order to derive our physical set of equations we simply use (2.6), (2.11) and (2.12b) to find
Multiplying (2.20) by µ x and comparing to (A.6), we can see that the physical effective elastic modulus matrix is given by C * S = µ xM * . Note that this is merely post-processing once the effective moduli have been determined in the transformed domain, giving c * 55
The eigenvalues and eigenvectors ofM * determine the maximum and minimum shear moduli in the material, and the direction in which they occur. We definem * − andm * + as the minimum and maximum eigenvalues ofM * respectively. We also introduce the associated angle χ viaM * − sin χ cos χ =m * − − sin χ cos χ (2.23) so that (− sin χ cos χ) T indicates the direction vector of the slowest antiplane shear wave in. By definition χ is subtended (anticlockwise) from the ξ 2 axis, which therefore corresponds to χ = 0. SinceM * is symmetric, the fastest antiplane shear wave will travel in a direction perpendicular to the slowest, i.e. in the direction of the vector (cos χ sin χ)
T . Whenm * xy = 0 the material is orthotropic and the maximal and minimal directions are simply aligned with the x and y axes, which are both axes of symmetry. (The extreme valuesm * ± will then bem * x andm * y .) Consider the case when the periodic cell contains a single straight crack whose face is parallel with the x axis. Assume that the host medium is orthotropic with α > 1, so that waves in the pure host medium travel faster in the x direction than the y direction. We anticipate that shear waves travelling in a direction that is parallel to the crack face (i.e. travelling in the x direction here) will be unaffected by the crack, som * x = 1 =m * + . We would expect waves travelling in the direction normal to the face of the crack (i.e. travelling in the y direction here) to be slowed down by the cracks so that m * y < 1 and thusm * − =m * y = m * y /α 2 whose physical value is further reduced by the anisotropy. We conclude that χ would therefore be 0 in this situation (see figure 7 to verify this). We note however that if α < 1 there could be the possibility that the anisotropy induced by cracks could in some sense counteract the naturally occurring anisotropy in the host medium in order to generate a macroscopically isotropic (in the xy plane) material. Indeed this can occur, and we shall discuss more on this point in section 4.
The cell problem
To solve the first order (cell) problem (2.15), it is convenient to define a scalar complexvalued function W (ξ) = W 1 (ξ) + iW 2 (ξ) that satisfies
where the normal and tangential partial derivatives local to the j th crack are (respectively)
and, if ξ = ξ 1 + iξ 2 , the forcing function f j is
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are as yet unknown functions. We note the H kl are all real, and that u j (±L j ) = 0, since the displacement is continuous traveling around the crack. We shall consider two alternative solution schemes in order to solve this cell problem. The first uses a nearly-periodic Green's function which is tailored specifically to rectangular unit cells whilst the second uses the multipole expansions as introduced in (9) . The multipole method is more flexible with respect to unit cell geometries.
3.1 Solution method using a nearly-periodic Green's function Full details of this method are given in Appendix B.1. We summarise the main equations here.
Integral equations
Let our Green's function G be given by (B.2). Then W can be written
where we have additional partial derivatives under the integral sign defined in a similar way to (3.2)
The constant a 0 is arbitrary as it satisfies (3.1) already, and b 0 = H 11 + iH 12 is given by the right hand side of (3.4a). We now take the normal derivative ∂ nj of (3.6), and move onto the j th crack C j (for j = 1, . . . , N ). Applying the boundary condition (3.1c), or ∂ nj W (s j ) = f j (s j ), gives the following integral equations involving the u j functions:
(3.8)
Galerkin scheme
We solve the integral equations (3.8) using a Galerkin scheme. In potential problems it is common to have an O(r 1/2 ) singularity at a tip of an infinitesimally thin irregularity such as a crack, where r is the distance from the crack tip (23) . This can be seen from the following local analysis near a crack tip. Suppose the j th crack is aligned with the x axis, and the left hand tip is at the origin; θ j = 0 so f j (s j ) = −i. We now expand W in the vicinity of the left hand tip as
where ξ 1 + iξ 2 = re iθ . Since the crack is located along θ = 0, and ∂ n = (1/r)∂ θ this expansion satisfies the boundary condition (3.1c). Moreover, near the tip
At each crack tip, the displacement therefore has an unbounded tangential derivative thus yielding a shear strain ε 5 and shear stress σ 5 which become unbounded at the tips, having O(r −1/2 ) singularities there. In order to accommodate this behaviour we expand the unknown functions in the form
where U n are the Chebyshev polynomials of the second kind (24) . The U n satisfy the orthogonality relation 10) and the derivatives of χ n are ∂ t χ n (t) = T n (t) (n = 1, 2, . . .), where
(p, q = 0, 1, . . . ). As well as incorporating the correct singularity and thus enhancing convergence of the solution, this has the additional advantage of allowing singular parts of certain integrals to be evaluated extremely easily. In particular when ξ, ξ ′ ∈ C j , (3.8) is hypersingular, since then
However, the expansion of the primary singularity in G in terms of Chebyshev polynomials means that when we substitute (3.9) into (3.8), the singular part integrates out explicitly.
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When we proceed numerically, we truncate (3.9) to M j terms, multiply (3.8) by −χ m (s j /L j ) (j = 1, . . . , N , and m = 1, . . . , M j ), and integrate by parts. The system to solve is
(l = 1, 2, j = 1, . . . , N ) actually gives the Chebyshev expansion of the coordinates of the j th crack. Also
The singular part of G, (3.12), makes the dominant contribution to the diagonal of the kernel matrix, and indeed the entire matrix, making the system extremely well-conditioned and rapidly convergent.
Calculating the effective properties
Once the integral equations have been solved using (3.13) we can find H by substituting (3.9) and (3.14) into (3.4). Using the orthogonality relations (3.11), this gives
(3.16b)
Hybrid solution method using periodic multipoles and Green's theorem
Here we present a hybrid solution method using periodic multipoles and Green's theorem which we will abbreviate to the MPG (MultiPole-Green's function) method. This method has the advantage over the GF method that it is easily adapted to different unit cells (such as hexagonal shaped cells), although by using the fully doubly-periodic Green's function (22) the GF method could also be used more easily in these extra cases.
Geometry of the problem and multipole expansion
Referring to figure 3, inside D let us define M (M ≤ N ) subregions R i , each with centre ζ
, and containing N i cracks inside it (i = 1, 2, . . . , M ). The N cracks are relabelled as C j,i and parameterised by s j,i ∈ [−L j,i , L j,i ], and have normal vectors n j,i and tangent vectors t j,i (j = 1, . . . , N i , i = 1, . . . , M ) according to which region they are enclosed in. The boundary of each subregion ∂R i , is given its own arc length parameter j = 0, . . . , N i , i = 1, . . . , M ; i.e. including those on the boundary) are defined by Fig. 3 Illustration of the process by which the unit cell is divided into subregions so that individual cracks or groups of cracks may be treated separately.
Now, in (9), multipoles were devised which permitted doubly periodic structures to be considered with relative ease. For completeness we present these again in Appendix C, along with their derivatives. They are divided into 'even' multipoles Φ n (ζ; A, B), where ζ = ξ 1 + iξ 2 and n ∈ N. This is because if ζ = re iθ ∼ 0, then
In (9) it was also shown how multipoles appropriate for hexagonal unit cells could be constructed. We also do this in Appendix C, although in a slightly simpler way than was written in (9) . These multipoles are written as Ψ Let the portion of D not contained in one of these regions be defined as
For ξ ∈ R 0 we expand W in terms of the multipoles (C.1)
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(3.20)
Inner integral equations
For each i = 1, . . . , M , we derive and approximate N i integral equations along each crack. The derivation is similar to that of (3.8) in §3.1.1, and the approximation procedure is similar to that of §3.1.2. Inside each of the R i (i = 1, . . . , M ) we define W using Green's theorem:
and
comes from the integral around ∂R i . Also its normal derivatives can be written
gives us the unknown functions in the right hand side of (3.24) in terms of the N multipole unknown coefficients a , and we reemphasise that we need to find N Galerkin + N multipole unknowns in total.
The analogous integral equations to (3.8) are found by taking the normal derivative at each of the N i cracks in the i th region (i = 1, . . . , M ), and are
We can obtain N Galerkin equations, that are similar to those in (3.13), by multiplying (3.
. Thus we need a further N multipole equations to complete our solution-the procedure by which they are found is given in the next section.
Outer integral equations
We obtain the remaining N multipole equations that we need by taking the normal derivative ∂ n0,i of (3.21) and letting ξ go onto ∂R i , giving ] then gives us the additional equations that we require in order to solve the entire system. Integrating by parts again allows most of the required integrals in these equations to be simplified.
Calculating the effective properties
Once the integral equations (3.26) and (3.27) have been solved, the H ij integrals required to determine the effective properties can be found from a similar expression to (3.16):
28a)
(3.28b)
Results
We now determine the effective (physical) antiplane elastic propertiesm * x ,m * y andm * xy (scaled on µ x ) as defined in (2.22a)-(2.22c) respectively, together with the angle χ defined in (2.4), for a variety of cracked structures. Defining ζ = ξ 1 + iξ 2 , we consider three crack 
Results for straight cracks, described by Cstr(0, a, 0) in (4.1a), are plotted as solid curves. The elliptical cavities are described by C ell (0, a, e, 0, 1) in (4.1b), with increasing eccentricity e = 4 (dotted curves), e = 10 (chained curves), or e = 20 (dashed curves). We note thatm * x = 1 for a straight crack as should be the case.
types parameterized as follows:
The crack type given by (4.1a) is a straight crack with centre ζ 0 and half-length a, rotated by an angle θ from the ξ 1 axis. The type in (4.1b) is an elliptical arc, centred at ζ 0 , with the lengths of its first and second axes being 2a and 2a/e respectively; the eccentricity of the ellipse is e. The first axis is rotated off the ξ 1 axis by an angle θ, and f = 1 corresponds to a complete ellipse, thereby closing the crack off into a cavity. Reducing f from 1 makes the crack only partially cover the outline of the full ellipse (so that if θ = π, the crack looks like the letter 'C'). Finally, (4.1c) describes a sinusoidal crack of amplitude b centred at α 0 . The length of the projection onto the ξ 1 axis is 2a, and ψ is a phase parameter that can be used to alter the crack symmetry-a cosine shape is produced by setting ψ = 0, while a sine curve is made by setting ψ = 1. We will consider rectangular and hexagonal unit cells, the former having vertices (±qÂ ± qB) in physical space, and the periodicity vectors arel 1 = (2Â 0) and ℓ 2 = (0 2B). The latter has vertices at (±qD 0) and (±qÊ ± qB), and three periodicity vectors 
Single cracks in the periodic cell: isotropic host phase
Let us begin by considering an isotropic host phase and restrict attention to a rectangular periodic cell. Results differ only slightly for a hexagonal cell. In Figure 4 we plot results associated with a single straight crack (type C str (0, a, 0)) parallel to the x-axis and single elliptical cavities of type C ell (0, a, e, 0, 1) with increasing eccentricities (e = 4, 10, 20) in order to test the limit of a straight crack. Hexagonal cells give almost identical results. For straight cracks, as we should expectm * x = 1 since the cracks are parallel to the x-axis and thus perpendicular to the relevant shear plane. Cavity results were computed using the two methods in this paper (nearly-periodic Green's function and MPG), as well as the multipole effective antiplane elastic properties of a periodically cracked solid 19 method of (9), and solutions produced by all three methods coincide. Furthermore, cavity results move smoothly towards the straight crack curves for increasing eccentricity as should be the case.
Next we compare results obtained form * y with the existing state-of-the-art approximate schemes in (1.2)-(1.4) . Results are shown for a single straight crack of type C str (0, a, 0), for a variety of cases in Figure 5 . We compare AH (solid), equivalent eigenstrain method (EEM) from (1.4) (dashed), dilute scheme (DS) from (1.2) (chained), differential method (DM) from (1.3a) (triangles) and self-consistent method (SCM) from (1.3b) (crosses).
In Figure 5 (a) we fix a/A = 0.2, 0.5, 0.8 and vary the cell aspect ratio B/A. EEM fares well for most parameter ranges with slight deviations at small B/A when a/A = 0.8, i.e. for very strong crack interaction. Results suggest that DS is limited to B/A 0.5 whereas other methods provide poor agreement for most parameter regimes except for B/A 0.5 when a/A 0.2. In the case of the DS, disagreement is due to the importance of interaction effects. Although alternative methods attempt to incorporate interaction effects approximately, results indicate that they are unsuccessful and in fact give worse agreement than the dilute result! In Figure 5 (15), which agreed well with their exact solution for this parameter set. The dashed curve shows a linear approximation to the dispersion curve using AH to derivê m * y (the slope is m * y , as in equation (1.2)). Since the AH theory is a dynamic formulation, higher order terms could be evaluated if one wished to determine corrections to this linear behaviour.
Finally in Figure 6 we compare results for elliptical arc shaped cracks of type C ell (0, a, 4, 0, f ) from (4.1b) We plot results form * x andm * y for a square periodic cell. As should be expected the cracks have a greater effect onm * y . Dependence on f is smooth but can be significant, e.g. for a square cell, when a/B = 0.4A,m * y changes from 0.90 when f = 0.7 to 0.95 when f = 0.5 respectively.
Single cracks in the periodic cell: orthotropic host phase
Let us now consider the influence of an orthotropic host phase, referring to Figure 7 where we consider the case of a square periodic cell within which resides a single crack. Figures 7(ac) refer to a straight crack whereas (d-f) refer to a sinusoidal crack. In the former case we rotate the straight crack whereas in the latter we consider a phase shift of the crack shape. We consider the influence of this effect on the minimum and maximum shear modulusm * − andm * + respectively (and hence minimum and maximum wave speed) and the corresponding direction vector of the minimum wave speed (represented as the value of the angle χ subtended anti-clockwise from the ξ 2 axis). Figures 7(a-c) show that for the straight crack rotating in an isotropic medium,m * ± are constant as the rotation angleθ varies, and χ increases linearly from 0 to π/2-i.e. the minimum wave speed is always in the direction perpendicular to the crack (although this behaviour would vary for a non-square unit cell). When we increase α above unity (certainly for straight cracks rotated by angles between 0 and π/2 we only have to consider α ≥ 1 since any value of 0 < α < 1 corresponds to a specific value of α < 1 with a rotated crack), m * − reduces significantly, although for a fixed α it does not vary appreciably as we increasê θ. On the other handm * + shows more variation for α > 1, reducing asθ increases. An interesting effect is noted in the dependence of χ onθ. For 1 ≤ α < α c , χ/π can be seen to vary continuously from 0 to 1/2 and is monotonically increasing, whereas for α > α c , χ/π varies continuously from 0 to 0 with some maximum value of χ inθ ∈ [0, π/2]. In particular this means that when α = α c andθ = π/2, χ is undefined, i.e. at this value of α c the material is isotropic when the crack is aligned with the ξ 2 axis. Similarly, if the crack is aligned with the ξ 1 axis, there is another value of α, α ′ c < 1, for which the material is isotropic. Then χ is discontinuous (in α) ifθ = 0. Thus we have the curious proposition that introducing cracks into an anisotropic host can induce isotropy for antiplane waves. We will return to this notion after discussing Figures 7(d-f) .
In the case of phasing sinusoidal cracks (d-f), changing α has a greater effect onm * − , as should be expected. We note that χ remains small, meaning that the minimum wave speed remains in a direction nearly parallel to the ξ 2 axis.
Like straight cracks, we anticipate that it should also be possible to use sinusoidal cracks to produce an isotropic material from an anisotropic one. In addition, since we can vary the amplitude of the crack oscillation we may also be able to find a critical amplitude at which the cross-sections in the different directions balance each other and the inherent anisotropy of the host to produce an isotropic medium. + of a cracked medium with orthotropic host phase, for a single crack in the periodic cell with (nondimensional) parameters of the cell being given by A = 0.5 and B = αA (its physical domain is a square). The host medium has varying degrees of orthotropicity: α = 2 (solid), α = 1.75 (dashed), α = 1.5 (chained), α = 1.25 (dotted), α = 1 (thick red). Plots (a-c), correspond to a rotated straight crack, with dimensional description (ξ1 + iξ2) ∈ Cstr(0 m,â,θ), whereâ =Â/2. In plots (d-f), the crack is sinusoidal, given by Ccos (0 m, a, b, ψ) , where a = A/2, and b = B/4. too strong.) We illustrate this effect in Figure 8 (a) for unit cells with either a single crack parallel to the ξ 1 axis (C str (0,â, 0)) or a sinusoidal crack with the ξ j axes as symmetry planes (C cos (0,â,b, 0) ). This ensuresm * xy = 0, so we merely have to find α that givesm * x −m * y = 0. We can conclude that with these symmetries an orthotropic material with α > 1 cannot be made isotropic by a straight crack. This makes sense physically because with a crack face parallel to the ξ 1 axis, the shear modulus µ y of the host medium would need to be increased in order to counteract the induced weakening by such cracks which means that we require α < 1. If sinusoidal variations in the crack geometry are permitted then slightly higher values of α (slightly lower wave speeds in the ξ 2 direction) can be cancelled out by the impedance in both directions due to the crack. As can be seen from Figure 8(a) , for 0.4 α 3.3, there is a combination of a/A or b/B for which this can be achieved, but we bear in mind that the crack should be smaller than the unit cell for our multiple scales analysis to be valid (and of course such a material would be in grave danger of falling apart!). Thus the range in α must be reduced significantly-for example, if we require that a/A and b/B 0.5 the range is roughly 0.8 α 1.2. Figure 8(b) shows the effective shear modulim * ± when the material becomes isotropic. It is identically one for the straight crack, sincem * x ≡ 1 in that case. However as b/B increases it drops, with a minimum possible value of approximately 0.58.
When the orthotropic axes are no longer axes of symmetry for a crack, full isotropy can no longer be achieved. Instead if we let ∆ = (m *
2 , ∆ only has a nonzero minimum instead of a zero. Figure 9 shows the critical value α c when a material containing either a single (a) straight or (b) sinusoidal crack is as close to isotropy as possible-i.e. when ∆ takes its minimum value, ∆ c . These minimum values are plotted as red curves. Whenθ = 0 and the straight crack of panel (a) is aligned with the ξ 1 axis, α c ≈ 0.9 and ∆ c = 0 exactly. As it is rotated ∆ c increases to a maximum of about 0.03 and then drops back to zero whenθ = π/2. Whenθ = π/2, α c > 1. For the sinusoidal crack of panel (b), ∆ c = 0 is possible when ψ = 0 and the crack is symmetric in the orthotropic axes. This occurs when α c ≈ 1.023. As the phase of the crack increases and the orthotropic axes are no longer axes of symmetry, ∆ c increases to a maximum of about 0.03 when ψ = 1. At this value of ψ, α c ≈ 0.998.
Multiple cracks in the periodic cell
Let us now consider the effect of having several cracks within the cell. In particular we shall consider two different configurations; one with two cracks and one with four. In Figure 10 we illustrate results for the minimum and maximum shear modulusm * − and m * + respectively in the case of two elliptical arc cracks in (a-c) and two cosine cracks in (d-f). The two elliptical arcs are arranged concentrically with their openings pointing in opposite directions. The eccentricities of the ellipses are 1.5, which means they are longer in the direction "perpendicular" to the openings-i.e. in the direction parallel to the ξ 1 axis when θ = 0. Thus the cracks usually present the largest cross-section in this direction, independent of the fraction of an ellipse the arcs cover. Consequently when θ = 0 the minimum wave velocity is parallel to the ξ 2 axis (χ = 0) and χ increases roughly linearly with θ. The effective shear moduli do not show a significant variation as the cracks rotate, althoughm * + (m * − ) has a minimum (maximum) when θ = π/4, and maxima (minima) when θ = 0 or θ = π/2. As expected increasing the coverage of the ellipse (f ) decreasesm * − and the effective wave speed.
In Figures 10(d-f) we consider two sinusoidal cracks, one above the other in the unit cell. The phase of the lower crack is varied while the phase of the other is fixed. Results are shown for four different amplitudes.
The effective shear moduli are much lower when b = 0.4 (solid line) than for the other (lower) amplitudes and it also shows more variation as the phase ψ is varied. Additionally χ begins at π/2 when ψ = 0, indicating the impedance in the ξ 1 direction is greater than in the ξ 2 direction. This is also true for b = 0.3 (dashed line), but as b drops further we note there there is a critical value of b which gives rise to a discontinuity in χ at ψ = 0. This is a similar effect to that noted in Figures 7 and 8 . This critical value of b is approximately 0.208, the value of b when the material is isotropic to antiplane shear waves.
Finally, we consider the effect of four cracks in a square cell. Three cracks are straight, straight crack described by C str (A/2 − Ai/2, a, θ) in plots (a-c), and a phasing sinusoid described by C cos (A/2−Ai/2, a, ψ) in plots (d-f). The different curves correspond to varying the crack half-length a. We note that the rotating straight crack effects a larger influence on anisotropy than the phasing sinusoid with the deviation (from zero) of χ in the latter being small. Larger values of a produce lower shear moduli and more variation with θ or ψ-particularly with θ for the rotating crack.
Conclusions
The method of asymptotic homogenization has been applied in order to derive the effective antiplane properties of a cracked medium, defined by a periodic cell. An arbitrary number of cracks, of general shape and of infinite extent in the longitudinal direction, can reside inside the cell and the cell can be of general shape. permitted to be orthotropic. Two alternative methods were proposed in order to solve the cell problem that arises. First, a nearly-periodic Green's function was defined and utilized together with an application of Green's theorem. Second, a general hybrid multipole-Green's function method, using the multipole functions defined in (9) was devised. Both schemes have their advantages and disadvantages but the second is clearly more general and can be used for cells of arbitrary shape. The former is restricted to rectangular cells but is simple to implement. Both approximate the jump in displacement across cracks by an expansion in terms of weighted Chebyshev polynomials to take account of the singularity in the stress at the crack tips.
A variety of geometries were considered. In particular, the method was compared with existing state-of-the-art approximate schemes, illustrating which of these methods can provide good estimates. These methods can mostly only be applied to simple geometries such as one crack inside a rectangular cell and even in these cases only the method of equivalent eigenstrain was found to be accurate in a variety of parameter regimes. The socalled "dilute" method is reasonable for cracks where interaction effects can be neglected, as should be expected.
A study of orthotropy revealed that there is competition between the natural orthotropy of the host phase and that which is induced by the presence of aligned cracks. In particular it was shown that if the crack arrangement is symmetric with respect to the orthotropic axes there is a critical value of the ratio α = µ x /µ y where the effective material becomes isotropic. This manifests itself in a discontinuity in the direction of minimum wave speed χ. If the orthotropic axes are not axes of symmetry then it is no longer possible for the material to become completely isotropic. Instead there is a critical value of α which minimises the function ∆ = (m *
2 , a measure of the difference between the effective shear moduli in the directions of maximum and minimum wave speeds. Cases of multiple cracks within the periodic cell were considered, and in particular the magnitude of the induced anisotropy for two different crack configurations were discussed. . In plots (a-c), the fourth crack is a rotating straight crack described by Cstr(A/2 − Ai/2, a, θ). In plots (d-f), the fourth crack is a phasing sinusoid described by Ccos(A/2 − Ai/2, a, ψ). In all plots, a takes the value 0.4 (solid), 0.3 (dashed), 0.2 (chained) and 0.1 (dotted).
Natural extensions of the work are to derive the in-plane effective properties as described for fibre-reinforced composite materials in (28) . Three dimensional simulations are clearly also of extreme importance as regards practical applications. With a large number of cracks within the cell the proposed method also provides a framework for so-called "Representative Volume Element" modelling of materials where the cracks are suspected to be randomly distributed and oriented (29) . Finally, all of the work above focused on low-frequency wave propagation and the notion of effective homogenized (independent of frequency) material properties. There has been a great deal of work recently relating to the determination of "effective" frequency-dependent properties of inhomogeneous media (30) . Such methods could be applied to cracked media in order to understand their dispersive behaviour.
In addition, work pertaining to composites with partially debonded components could also be treated in a similar manner to that discussed above. This is interesting from a static (effective properties) viewpoint, but also a dynamic perspective, particularly due to effective antiplane elastic properties of a periodically cracked solid 27 the low frequency resonance that can result in such situations when the bonded bridge region is small compared with the debonded part (31), (32) .
SH waves in a monoclinic medium
Let us recall some points associated with horizontally polarized shear (SH) waves in monoclinic media. Suppose the waves are polarized in theẑ direction, so that the elastic displacementû = (0 0û3) T , whereû3 =û3(x, t) andx = (xŷ). In the Voigt notation, the strain iŝ
In a monoclinic medium with thex-ŷ plane being a plane of symmetry, the constitutive relation
(whereσV denotes the Cauchy stress in the Voigt notation) remains unchanged under the coordinate transformationx ′ =x,ẑ ′ = −ẑ. This implies that
and so for SH waves the stress is given in both the Voigt and the standard notations bŷ
Thus SH waves can be used to determine information about the 2 × 2 submatrix ofĈ conveniently defined asĈ
From the equation of motion ρ∂ 2 tû = divσ +F, whereF = 0 are the (absent) body forces, we find
where ∇x = (∂x ∂ŷ) T . We seek time-harmonic plane wave solutions to (A.6) of the form
and thus obtain the dispersion relation
A useful check is afforded us by also assessing how (A.7) changes when the coordinate system is changed. If we let our axes be rotated by an angle ψ, with corresponding transformation matrix R ψ , then CS should change tô
.
Setting ψ = π/2 is a particularly simple test, in which case we should haveĉ
APPENDIX B
Further details of the solution to the cell problem B.1 Solution method using a nearly-periodic Green's function B.1.1 Nearly-Periodic Green's function
We require a Green's function that satisfies
However, instead of using a fully periodic Green's function, let us write
where Gper satisfies (B.1b) and together with g(ξ − ξ ′ ) is defined by
where β0 = π/B and
We note that Gper is doubly periodic in both the ξ1 and ξ2 directions, but g is only periodic in the ξ2 direction. (In fact, g + g0 would be the Green's function to use if we only needed ξ2-periodicity.) However, the simple expression for g will allow us to deal with rectangular periodic cells with little difficulty. Note that Poulton et al. (22) constructed doubly periodic Green's functions relevant to such problems from elliptic theta-functions and these could be utilized here as an alternative to the above approach in order to deal with non-rectangular periodic cells, although its implementation is more complicated.
B.1.2 Green's theorem
We now solve (3.1) by using Green's theorem and Green's function (B.2) in order to obtain a system of integral equations where integrals are over the crack surfaces. We then use a Galerkin scheme with expansions of the unknowns in Chebyshev polynomials in order to capture the nature of the singularities near the crack tips. This gives rise to a simple linear system which can be solved in a straightforward manner. As mentioned above, in this method we restrict attention in this first approach to rectangular periodic cells of dimension 2A × 2B, with the vertices of the central cell located at (±A ± B). Let us define W (ξ) = Wout(ξ) + Win(ξ) (B.4a)
where we have decomposed the function into separate contributions from an "outer" term involving an integral around the outer boundary of the periodic cell and an "inner" term involving integrals over the crack surfaces defined by applying Green's theorem to the cell problem under consideration, where ∂ n ′ = n T (s ′ )∇ ξ ′ and
We shall first consider Wout(ξ) which takes the form
The integrands evaluated at ξ2 = ±B both vanish, since W and G are periodic in ξ2. However, since g is not periodic in ξ1, the final integral is nonzero. For convenience we define Note that a0 is an arbitrary constant since it satisfies all of the conditions in (3.1), so the "outer" term involves only a single unknown constant b0.
We come now to calculating Win and begin by defining and therefore using (2.2) and (3.5), it is straightforward to see that The constant a0 is arbitrary, while b0 can be found in terms of Win by using (B.6a) together with the form (3.6) so that Win(ξ) ξ 1 =A dξ2 Gper dξ2 = 0 and g is independent of ξ2. Hence, with reference to (3.4a)
(B.11)
We now proceed to find N integral equations to enable us to determine the unknown functions uj (j = 1, . . . , N ). For ξ in the neighbourhood of Cj , we take the normal derivative ∂n j = n T j (sj )∇ ξ of (3.6) to give 
Since ξ is only close to Cj and not on it, whilst ξ ′ ∈ C k , the above delta function is zero and therefore
where r jk (sj, s k ) = ξ(sj) − ξ(s k ). The above transformation from normal derivatives to tangential ones has been used previously in (25) and (26) . Now, letting ξ move onto Cj and using (3.1c), while at the same time integrating by parts and applying u k (±L k ) = 0 (since W should be continuous around the crack tip), we finally have the N integral equations that we need:
(B.15)
where we have applied the boundary condition (3.1c) ∂n j W (sj) = fj (sj) and we have also integrated by parts to obtain the integrals on the right hand side.
APPENDIX C
Periodic multipoles
C.1 Rectangular unit cell
Let the central rectangular unit cell have vertices (±A ± B), so that the periodicity vectors are given by ℓ1 = (2A 0) andl2 = (0 2B). In (9) doubly periodic multipoles were devised which permitted doubly periodic structures to be considered with relative ease. Letting ζ = ξ1 + iξ2, these multipoles are 
